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1. INTR~Du~~O~ 
Let GE M(R f ), the class of complex-valued functions measurable on (0, 
cg ), be a nonnegative function satisfying the following properties: 
(i) G(u) is continuous at u= 1, 
(ii) for each 6 > 0, // xa,l G /I oo -C G( 1). and 
(iii) there exist @,, 8, > 0 such that (u-*I + z&) G(u) is bounded and 
is in M(R + )+ 
Here xa,X denotes the characteristic function of the set (0, co) - 
(x - 6, x + 6). 
Such a function G is called (for our purpose) an “admissible” kernel 
function. The set of all admissible kernel functions will be denoted by 
T(F%+). 
Let GeT(R+), cc~lR, I, XER’ andSEM(lR+). We define 
r,crix)=~~~~.-=~(.)G’(x.-‘)du, (l-1) 
where, 
a(A) = Jbm 24 a-2GA(~) du, 
whenever, the above integrals exist, (1.1) defines a class of linear positive 
operators. 
Let Q (> 1) be a continuous function deftned on [w l , We call D a 
bounding function for a GE Sr(iR + ), if for each compact Kc If4 + , there 
exist positive numbers AK and M, such that 
T,,(Q x) < Ma XEK. (1.2) 
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Clearly, for G E r( R + ), &I(U) = uep + uq is a bounding function. The 
notion of a bounding function [ 111 enables us to obtain results in a 
uniform set-up, which, at the same time, are applicable for a general 
GE T(R+). 
For a bounding function Q, we define 
D, = {f:f is locally integrable on (0, co) 
and I f(u)1 d MQ(u), u E (0, co)}. 
Several well-known operators, such as Gamma operators of Miiller 
[lo], modified Post-Widder operators [S], Post-Widder operators [ 141, 
the operators studied in [9], etc., are particular cases of the class Tn. This 
can be verified by choosing G, 1 and c( suitably [6]. 
We use T,, whose construction, as we will see in Section 2, depends only 
on the functional values on R! +, for approximating a class of analytic 
functions in complex-plane. The results can also be regarded as providing 
us new analytic continuation methods. In this direction, we mention the 
works of Kantarovich [4] and Bernstein [7], who obtained results on con- 
vergence of Bernstein polynomials in the complex domain, by making an 
ingenious use of the Legendre’s polynomials. Similar results for the Szasz 
operators were obtained by Gergen et al. [3] by using Lagurre’s 
polynomials. Other results in this direction have been obtained in 
Cl, 5, 151. 
We make use of the Cauchy’s theorem to obtain the results on the 
approximation-theoretic properties of T, in the complex-domain. 
2. SOME MORE DEFINITIONS AND AUXILIARY RESULTS 
We give some more definitions and auxiliary results. 
Let G E T( iw + ) be an analytic function, regular in the angle 
A,= (z=re;*: r>o,o<e< Y}, 
and the property that for each 0 < 0, < Y there exist tI1, t12 > 0 such that 
g(r, 0) = (r-@ + r’*) G(re”) is bounded on the set 
Ate,)= {(~,e):o<e-~e,,~>o~. 
Let Q be a bounding function for GE T( R + ) satisfying the following 
requirements. 
For every compact subset Kc A e there exist positive constants A,, M, 
such that 
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In the above situation, we say that GE T,(IW + ) and that Sz is a Y- 
bounding function for G. It follows from the Riemann-Schwarz reflection 
principle [ 13, p. 1551, that if G E T,( R + ) and Sz is a Y-bounding function 
for G, then the above mentioned properties continue to hold in the reflec- 
tion of A,, A(8,) and K, respectively, through the real axis. 
If f is an analytic function such that for 0 < 0 < ‘Y the limits 
lim sup I f(ue”)l/Q(u) 
u-0’ O<O<B~ 
and 
7 
lim sup 1 f(ue”)l/Q(u) 
“‘oz O<O<Bo 
exist, we say that f E Dz. 
If fc Dz, G E 7’,( IR + ) and Q is Y-bounding function then, it is obvious 
that given compact subset K of /IF, Tj. (f: z) exists and defines an analytic 
function regular in K, for I sufficiently large. 
Now, we give some auxiliary results useful for further developments. 
LEMMA 2.1. Zf GE T(R+), then 
ProojI Let E > 0 be arbitrarily fixed. Then we can choose a 6 > 0 so 
small that in view of the property (ii) of G 
s 1+6 G-“(l) u=-’ l-6 G”(u)du<{‘+*tP-‘du<;. I-S (24 
Let m = II X~,~ G II m. Since there exists a I,’ such that a(A) exists for all 
A > il,, we have 
G-“(l) O” ua-* 
s G”(u) xs,l(u) du < 
mA-no 
0 
&qJ atno). 
Since, by the property (ii) of G, m < G( 1) there exists a 2, such that for 
A>&, 
G-“(l) jm u’-’ G”(u) xa.l(u) du < ;. 
0 
(2.3) 
Combining (2.2), (2.3) we have O<a(J.) CPA(l)<& for A> A1. But E is 
arbitrary, so (2.1) follows. 
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LEMMA 2.2. Let GE T(R ’ ) and Q be a bounding function for G. Zf 
0<6<a<b<cr, andfeD*, then 
lim AkT,( fxs,X ; x) = 0, (2.4) l-m 
uniformly in x E [a, b], for any k E R +. 
Proof. We have 
TAfits,.X; 
1 XX 
x)=- 
5 4) 0 
zd-zf(xu - ‘) x~,~(xu - ‘) G”(u) du 
Let 0<6<a<x<b<<. We choose ~E(O, 1) such that b<6((1/~)- 1). 
We have then, 
Using these inequalities and 1 f (u)l < &02(u), u E (0, co ), we find that 
Let A1 be such that T,,(I;z; x) < M, for x E [a, b] we have then for I > A,, 
where m, = max(G(u): u 6 1 - v or u >, 1 + r >. We have then 
1 T,(f&; x)1 <g Irn u=- 212(xu - ‘) G”‘(u) du 
* 0 
6-m a(n1t ;-“I T&2; x) 
4) 
m”-“l 
6M,a(A,)-, 
a(a) 
for all ,.I> A, and XE [a, b]. Since G is continuous at 1, we can find 
c@, v)~o~tl~l~ and -0, 
G(u)>(m,+r) for u~(l--c, l+c). 
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We have then 
I 
1+c 
2 ua- 2G”(~) du 
l-c 
> (m, + E)’ I:;, u’-’ du. 
Since, lim, _ m I“(m,,/(m,, + 6))’ = 0, for any k E R + and 
the lemma follows. 
Remark. The definition of D, can be replaced by a slightly more 
general one, 
D, = {f: f is locally integrable, lim (f (u)/G(u)) < cc and 
u-00 
Next, we state the following basic approximation theorem whose proof 
follows from Lemma 2.1 and Lemma 2.2. 
THEOREM 2.1. Let G E T( Iw + ) and Sz be a bounding function for G Zf 
f E D, is continuous at a point x E [w +, there holds 
jimrn TM xl =f (xl. (2.5) 
Further, if f is continuous on a open interval containing the closed interval 
[a, b], (2.5) holds uniformly in XE [a, b]. 
3. CONVERGENCE IN THE COMPLEX DOMAIN 
In this section we study the convergence of the operators TA in the com- 
plex domain. In the following theorem, we establish the convergence of TA f 
for z E A r and f o DE and regular in the interior of the set A ‘p, A$. 
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THEOREM 3.1. Let GE TIP( Iw + ), 52 be a Y-bounding function for G and 
f E DE be regular in A’$. Then 
pmm TJf; z) =f(z), (3.1) 
uniformly on each compact subset of A,. 
Proof: The proof of the theorem contains the following intermediate 
lemma: 
LEMMA 3.1. If G E TP( Iw + ), Q is a Y-bounding function for G and f E Dg 
is regular in A,, then for each z E A, there holds T,(jj z) = T,(F,; 1 z I) for 
all 1 sufficiently large, where F, = f (u exp i arg z). 
Proof of the Lemma 3.1. If z E [w + , the result is trivial. Hence we assume 
that ZE Alu\K!+. 
Let r denote the boundary of the subset D = {(r, B)~A(arg z): 
r,<rGR,) of Alp, where r0 and R0 are positive numbers. It follows from 
Cauchy’s theorem that 
Z 
U-1 
-j- w-af(w)G’(zw-l)dw=O. 
41) r 
(3.2) 
In view of the regularity off c Dg, there exists a positive constant A4 
such that 1 f (w)l < MQ( 1 w  ( ) if 0 < arg w  < arg z. Hence if C denotes one of 
the two arcs of r, 
<M lzla-l 
-;;i;ii-s,: Iwl -“Wlwl)l G’h-‘)I ldwl (3.3) 
< MOWLO) 
44 
sup IG(zw-~)~~-‘~, 
wet 
for some positive constants M, and &. Since G E Tlp( [w + ), supwe c 
IG(zw-‘)I +O as rO+O and RO-’ cc. It follows that if A>&,, 
aa-’ cc 
-j u-*f(u)G”(zu-‘)du 
a@) 0 
- IzIc(-’ u-l)du 
s 
m u-~f(ueiaQV) G”(lz( 
4) 0 
9 (3.4) 
which, is just the.relation T1(f; z) = T,(F,; I z I). This completes the proof of 
the Lemma 3.1. 
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Proof. Let K be a compact subset of A’$- w,AG,. Let C, denote a circle 
with centre at w0 and radius r > 0, We can choose r so small such that C, 
does not interest A’&-w&,. If we define F(w)=f(w) for w  lying outside 
or on C, and F(w) = 0 inside C, and choose &, such that Kc A(&,), there 
exists an M, > 0 such that 
1 F(utq < M,Q(u) forallO<0<8,. 
Let z E K. Then, following the proof of Lemma 3.1, we have 
I TJf; z) - T,(F(u exp i arg z); I z I) 
~ IzlU--l 
- I 4) G Iwl -‘If(w)I IG(zw-‘)I” Idwl. (3.5) 
Since K is compact, there exists a positive number p such that 
I G(zw -‘)I <G(l)-2p, f or each ZEK and w  E C,. Hence, there exists a 
constant M, such that 
I T,(fi z) - TAVI uEexpi arg z); ~2~)~ 
(3.6) 
for all ZE K. The right-hand side of this inequality approaches zero as 
A + co. For, we can find a 6 E (0, 1) such that G(u) > G( 1)-p for all 
~~(1-8, 1+6) and then, 
a(A) 2 &G(l) -p)“. (3.7) 
It follows that TA(f; s) - T,(F(u exp i arg z); I z I ) converges uniformly to 
zero for z E K. 
Let a=min(lzI:zEK}, b=max{IzI:zEK). Now, IT,(F(uexpiargz); 
1 z 1 )I < M, T,(Q; I z I ), and in view of Theorem 2.1, the latter is uniformly 
bounded for a < I z 1 < 6, and for all 1 sufficiently large. 
It follows that TA(f; z) is uniformly bounded for z E K and all A suf- 
ficiently large. But, again by Theorem 2.1, T,(F(u exp i arg z); ) z I) -f(z) 
(z E K) as A-+ co and hence also TA(f; z) -f(z) (z E K) as I + co. Now 
Vitali’s convergence theorem is applicable and the proof of the theorem is 
complete. 
Finally, we show that the region A;- w,,4G, obtained in Theorem 3.2 is 
best possible, in a certain sence. 
. THEOREM 3.3. Let GE T,(R + ), Sz be a Y-bounding function for G, and 
w,, E A$. Then there exists a function f E DE whose only singularity in A$, is 
wO and for which T,(f, z) diverges for each ZE w,A$- {w,,}. 
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Proof. The function f(z) = (z - w,,) - ’ E Dg for each Y-bounding 
function for G. Also, if z E wJ$ - { wo} , arg z > arg wo. Hence by Cauchy’s 
theorem, as in the proof of Lemma 3.1, we have 
Ti(J z) = T,(u exp i arg z - wo)- ‘; 1 z 1) 
a-l 
-z- 
a(l) s 
W 
--a. G’(zw - ‘) dw, 
c, w- wo 
where C, is as in the proof of Theorem 3.2, with r sufficiently small. By the 
residue theorem, 
TA(f;z)- TA((uexpiargz-w,)-‘; 1~1) 
+-&i w,“G”(zwg 1). 
a(n) (3.9) 
In view of Theorem 2.1, the first term on the right-hand side of (3.9) con- 
verges to (z- wo)-l. But, since ZE w,/1G,, 1 G(zw,q’)l > G(1). In view of 
Lemma 2.1, it follows that TA(f; z) diverges as 1+ co. This completes the 
proof of the theorem. 
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